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We make a short overview of the recent analytic and numerical studies of the classical two-dimensional XY and 
Heisenberg models at low temperatures. Special attention is being paid to an influence of finite system size L on the 
peculiarities of the low-temperature phase. In accordance with the Mermin-Wagner-Hohenberg theorem, 
spontaneous magnetisation does not appear in the above models at infinite L. However it emerges for the finite 
system sizes and leads to new features of the low-temperature behaviour.   
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      Celebrated Mermin-Wagner-Hohenberg and Bogo-
lyubov’s 1/q2 theorems forbid spontaneous symmetry 
breaking in two-dimensional (2D) systems of continuous 
symmetry [1]. Therefore, there is no spontaneous 
magnetisation in the 2D XY and Heisenberg models for 
temperatures T  0. This well–known fact does not 
concern the above models on lattices of finite size L. In 
applied research this can concern the case of thin 
ferromagnetic films (always finite in practice) [2] and 
some other objects. On the other hand models of finite 
size are highly important for analysing Monte Carlo 
simulations which are restricted to finite lattices as well. 
The presence of residual magnetisation in the finite  
XY and Heisenberg models in 2D can be simply argued 
by the obvious fact that in finite systems transition to the 
ordered phase at T=0 (when all spins of the XY and 
Heisenberg models are pointed in the same direction) 
cannot be discontinuous. But besides this trivial 
prediction other interesting phenomena can occure like 
the quasi-long-range ordering (QLRO) in the 2D XY 
model [3]. A challenging question is whether QLRO is 
possible in the Heisenberg model in two dimensions or 
not. Although it is commonly believed that it is not 
possible due to the absence of stable topological defects, 
there are still some contrary arguments [4]. 
Here we summarize resent analytic and Monte Carlo 
results for the XY and Heisenberg models on finite two-
dimensional lattices. The analytic approach is based on  
the spin-wave approximation (SWA) which is known to 
give a good estimation of the exact characteristics of the 
2D XY model at low temperatures [5]. Although the 
reliability of the SWA for the two-dimensional 
Heisenberg model of infinite size is not proven we 
assume that it holds for a finite lattice. We pay attention 
to the magnetisation as a function of lattice size and to 
the spin-spin correlation function as a function of 
distance between sites. In order to support the analytic 
treatment we present results of Monte Carlo simulations 
of the XY and Heisenberg models on two dimensional 
lattices of different sizes that we have performed for 
different values of temperature. Moreover we show the 
results of our Monte Carlo similations of the 2D XY 
model with quenched structural dilution. 
        The generalized Hamiltonian for both the XY 
and Heisenberg models can be written as 
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perature behaviour is deeply connected to the symmetry 
of the models. In the 2D XY model rotations of spins 
form an Abelian group that allows formation of stable 
topological defects like spin vortices. In this sense it can 
be called an Abelian model in contrast to non-Abelian 
ones. The 2D Heisenberg model is non-Abelian and 
therefore there are no stable topological defects and as a 
consequence no QLRO in the infinite system.  
     The quantities we pay attention to in the present work 
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are the magnetisation M: 
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and the spin-spin correlation function G2(R): 
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Introducing angle variables
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product of spins as   
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while spin of the Heisenberg model has two degrees of 
freedom, so we have two angles  )1(
r
ϑ  and  )2(
r
ϑ : 
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Heisenberg spins reads: 
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              Since our work concerns low temperature 
properties, we can assume all the spins of the XY and 
Heisenberg models being pointed approximately in the 
same direction. This assumption means that all angles 
r
ϑ  and  )1(
r
ϑ , )2(
r
ϑ  stay small. Therefore the spin-
wave approximation (SWA) can be applied, i. e. we can 
expand the trigonometric functions in (4) and (5) 
keeping quadratic terms only. Then the Hamiltonian of 
the 2D XY model can be written as 
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The Hamiltonian of the Heisenberg model in the SWA 
can be expressed through (7)  as well: 
 
        )()( )2()1(0 ϑϑ XYXYHeis HHHH ++= .     (8) 
 
                 It has been proved that the SWA gives a quite 
nice estimation to the true low-temperature behaviour of 
the 2D XY model in the thermodynamic limit. Although 
the behaviour of the infinite 2D Heisenberg model at 
low temperatures is believed to be quite different, we 
can assume that for finite lattices the SWA will give 
reliable result for the low-temperature characteristics of 
the model. 
                 In the case of the 2D XY model, the 
asymptotic behaviour of the spin-spin correlation 
function is well known [5]: 
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with )2/( JkTXY piη = . The finiteness of the lattice 
causes a neglegible correction to the exponent XYη . 
The magnetisation in the model on a finite lattice decays 
with the linear size L  according to a power law [6]: 
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with the same exponent XYη  that stands in (9). 
              For the 2D Heisenberg model, the separation of 
coordinates )1(
r
ϑ and )2(
r
ϑ in (8) allows us to rewrite 
the spin-spin correlation function through the correlation 
function of the XY model: 
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Then we have 
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with XYHeis ηη 2= . It is important to stress here that 
this result can be obtained analytically only if the 
temperature is taken in the limit 0→kT  but the lattice 
remains finite. This is due to the fact that )1(
r
ϑ and 
)2(
r
ϑ are not independent variables, but can be 
considered as independent only when the temperature 
approaches  zero [7]. 
             A similar outcome can be obtained for the 
magnetisation of the 2D XY model as a function of the 
linear lattice size L : 
           
2/HeisLM Heis η−∝ ,                                      (13) 
with the same Heisη  that stands in the correlation 
function (12). 
              To check the above analytic results we have 
performed Monte Carlo simulations of the Heisenberg 
spin model on lattices of different sizes and at different 
temperatures. The Wolff’s cluster algorithm was used 
for this purpose [8]. The exponent η  (Fig.1) was 
obtained on the base of three different observables, 
analysing the finite size scaling of the magnetisation,  
2/)(TLM η−∝ , the pair correlation function, 
)(
2 )2/( TLLG η−∝ , and the magnetic susceptibility, 
)(2 TL ηχ −∝ . All three quantities were computed at 
different temperatures for varying system sizes, giving 
access to a temperature dependent exponent )(Tη . 
Power-law scaling found for all three quantities M , 
2G and χ supports the presence of a QLRO phase found 
by analytic considerations. 
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Fig.1. Comparison between the exponents of the two-
dimensional Heisenberg model, Heisη , obtained from 
the Monte Carlo simulations and from the analytic 
calculation in the SWA. The dashed line presents XYη . 
       Moreover we have performed Monte Carlo 
simulations of 2D XY-spins on regular and diluted 
lattices [9] using the same Wolff’s cluster algorithm. 
According to Harris criterion [10],  disorder is irrelevant 
at the BKT transition of the two-dimensional XY model. 
As a consequence, the universality class is unchanged 
(η  = ¼) at the transition but randomness has a strong 
influence at low temperature in the critical phase of the 
model. To study this effect numerically, we have to 
average the physical quantities over many realizations of 
disorder. For each realization, we discarded typically 
105 sweeps for thermalization, and the measurements 
were performed with typically 105 production sweeps. 
Disorder averages were then performed using typically 
103 samples. The boundary conditions were chosen 
periodic. 
      The quantity we call magnetisation is the 
thermodynamic average of the real instant magnetisation 
which varies, for a given realization of disorder, from 
one MC iteration to the next. There are reasons to 
investigate the distribution of instant magnetisation, 
since it can give some information about the inner nature 
of the model. A convenient way to display this 
distribution is to draw a ring function which can be 
defined in the following way: it is obtained when one 
plots the successive values of the magnetisation (for 
each Monte Carlo step) in the plane (mx, my) where mx 
and my are the two components of magnetisation (Fig.2). 
             The shape of the ring functions shows clear non-
Gaussian character as the temperature increases which 
lies in the fact that more points are situated in the inner 
region of the rings. As it should be, the mean 
magnetisation tends to zero with increase of temperature 
in both pure and diluted systems. The “diluted” ring 
functions are always smaller, since we consider 
magnetisation per site taking all sites into account, even 
those which are vacant. 
The finite size scaling of the magnetisation, Eq.(10), 
can be deduced from the study of the ring functions   for 
      
 
 
Fig.2. Ring functions for a system of size L=16 at 
dilution c= 0.95 for temperatures (from top to bottom) 
kT/J= 0.3, 0.7 and 1.1. The outer ring function (red on-
line) represents the pure system. 
 
different sizes of the lattice. Thus we obtain the Monte 
Carlo result for the exponent dilXYη  of the pair 
correlation function of a diluted system. In this case it 
will depend on concentration of dilution. Again we have 
nice agreement between Monte Carlo and the 
perturbation expansion for the spin-wave approximated 
Hamiltonian which gives [11]: 
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where c is the concentration of magnetic sites. 
          We have presented both analytic and Monte Carlo 
approach to investigate finite two-dimensional spin 
models of continuous symmetry. The region of 
applicability of our analytic treatment is restricted to low 
temperatures only, since we work in the SWA. 
    The results of the Monte Carlo simulations are 
found in good agreement with the analytic results in a 
wide range of low temperatures. 
    We continue to work in this direction applying 
structural disorder to the Heisenberg model in two 
dimensions and introducing also correlated impurities in 
both models. The potential goal of this kind of research 
is to discover the exact nature of interaction of non-
magnetic impurities with topological defects and as a 
consequence their influence on the QLRO phase 
characteristics. While some steps in this direction in 
Monte Carlo simulations can be found in literature, a 
reliable analytic approach to the problem is not 
developed up to our knowledge. 
          
This work was supported by the CNRS-NAS 
exchange program.  
REFERENCES 
1. N. D. Mermin, H.Wagner. Absence of 
ferromagnetism or antiferromagnetism in one- or 
two-dimensional isotropic heisenberg models,  Phys. 
Rev. Lett.. 22 (1966) 1133;   N.N. Bogolyubov, 
Selected works, 3 , Kiev  (1970)  (In Russian) 
2. S. T. Bramwell and  P. C. W. Holsworth. 
Magnetization and universal sub-critical behaviour in 
two-dimensional XY magnets. J. Phys.: Condens. 
Matter  5 (1993) L53 
3. J. M. Kosterlitz, D. J. Thouless. Ordering, 
metastability and phase transitions in two-
dimensional systems. J. Phys. C: Solid State Phys. 6 
(1973) 1181 
4. A. Patrascioiu, E. Seiler. The difference between 
Abelian and non-Abelian models: fact and fancy. 
Preprint math-ph/9903038 (1999) 
5. F. Wegner. Spin-ordering in a planar classical 
Heisenberg model. Z. fur Phys. 206 (1967) 465 
6. J. Tobochnik, G. V. Chester. Monte Carlo study of 
the planar spin model. Phys. Rev. B 20 (1979) 3761; 
P. Archambault, S. T. Bramwell, P. C. W. 
Holdsworth. Magnetic fluctuations in a finite two-
dimensional XY model. J . Phys. A: Math. Gen. 30 
(1997) 8363-8378;  S. T. Bramwell et al. Magnetic 
fluctuations in the classical XY model: The origin of 
an exponential tail in a complex system. Phys. Rev. E 
63 (2001) 041106 
7. O. Kapikranian, B. Berche, Yu. Holovatch. Quasi-
long-range ordering in a finite-size 2D  Heisenberg 
model. Preprint hep-th/0611264 (submitted to J. 
Phys. A) 
8. U. Wolff. Collective Monte Carlo updating for spin 
systems. Phys. Rev. Lett. 62 (1989) 361 
9. O. Kapikranian, B. Berche, Yu. Holovatch. The 2D 
XY model on a finite lattice with structural disorder: 
quasi-long-range ordering under realistic conditions . 
Preprint cond-mat/0612147  (submitted  to Eur. 
Phys. Jour. B) 
10. A. B. Harris. Effect of random defects on the critical 
behaviour of Ising models. J. Phys. C: Solid State 
Phys. 7 (1974) 1671 
11. O. Kapikranian, B. Berche, Yu. Holovatch. 
Perturbation expansion for the diluted two-
dimensional XY model. Preprint cond-mat/0611712 
(submitted to Phys. Lett. A) 
 
 
	
  

 ff

fi  fl  ffifl !


	
!  
"
$##&%

#

%!  

ffi
"('
!  
)
. *,+.-
/10324+.5765 , 8 . 8&9:2
; , < . =>@?fi>BAC+4D  
EFHG1IKJ:LMJ3N
 O
FHP:Q
O
G1R
 S7TVU.S
F
 
NWJXLfiPCIKNWGCY
 
PCNZP:[HGKQ\GK]HJC^
O
G7Y
 
G
 
]
G1^:[HJVNWNZ_4Y
 
GZ^C^:[HJ:L
S
IBPCNZG1R
 O
[HPC^C^VGK]HJC^
O7S
R
 XY `aS
LJ:[4G
 
G
 
`fiS
LJ:[4G
 b
JVR
U
JVN
T
J:F.c.P
 d
FHG
 
NZG
UBO
G7Y
 
Q\J
`ad
J:F
P:QVeKFHP:Y
. fgd
JChZGZP:[HiKN
S
J
 
IBNZG
`
PCN1G1J
 
eKLJ:[
JCN
S  
Ij[HGKkZNWGZl
 O7S
NZJ:]4N
S
c
S  
F4P
UB`
JXFHP
 
^3GW^XQffJ
`
_
 L 
N1P
 
^CI
S
RZ^:QffI7P
 
NZG
U.OBS
Q\J
`ad
J:FHPXQVeKFHN
S
R
 m
P
U
_
. fS
cn[HPV^CN
S  
QffJ
S
FHJ
`
_
 o
J:F
`
GZNWP
-p
PXc.NWJXF4P
-qS
crJCN
T
JXFrc.P
 
^
dWS
N7Q\PCNZNWP:k
 
N1P
`
P:crNZGK]HJCN1N
S
^XQ\i
 S
Q\^:e7Qr^:QffIjeZJ:Q
 
I
 s
QffGCY
 `aS
LJ:[Bk7Y
 d
FHG
 T
JV^
OBS
N1JX]4N
S.`  L . t
LNWP
O7S  S
NZP
 dZS
kZIj[rkZJ:Qff^:k
 
I
 
^3GW^XQffJ
`
P:Y
 O.S
NWJu]4N
S
c
S  
F4P
UB`
J:FHP
 
G
 d
F4GZI
S
LGKQ
 O  
N
S
I7_
`  
]4JXFrQ\P
`  
NZG
UBOBS
QffJ
`Md
J:FHP:QVeCFHN
S
c
S  d1S
IBJ:LJCNZGCk
. 
(gv
%  #
wj,x
 

ff
w
fi  fl  ffifl

flg%
w


%!  
"
$#g%

%!  

ffi
,"'
!  
)
. *+r-Wyz0324+B576fi5 , 8 . 8&9u24; , < . =fi>{?>rAC+HD  
|
F
SBT
[
JCN
S  OBS
F
S
Q
O
G1R
 S
c{[rkKL
 
NZJ:LPCIBNZ} Y
 
PCNZP:[4} QffGK]HN1GKY
 
}
 
]4GZ^:[
S
IBGCY
 
L
S
^:[4} Lff~JCN1i
 O
[
PC^CGK]4N
S@   XY `MS
LMJu[4}
 
}
 `aS
LfiJ:[H}
 
b
P3R
U
JCN
T
J:F.crP
 d
F
G
 
N1G
U
i
O
GCY
 
Q\J
`ad
J:F
P:QVeKFHP:Y
. t
^
SBT
[
G1Ije
 
e1IKP:cne
 d
F4GKLfi} [4JCN
S  
I
d
[
GWIe
 
^
O
}N7]HJCN
S
c
S  
F
S@UB`
} Fre
 
^CG1^:QffJ
`
G
 L 
NZP
 
I[4PC^uQffG1I
S
^:Qr}
 
N1G
U
i
O7S
QffJ
`fid
JXF4P:Q3eCF4N
S{  m
P
U
G
. 
|
P
 
Q\J
S
FHJ
`aS
l
 o
J:F
`
}zN1P
-p
P:c.N1J:F
P
-bS
c.JCN
T
JXFrc.P
 
^
dZS
NCQffPCNZN1P
 
NZP
`
P:c.N1} ]4JVN1}^:Qffi
 
I
 
h1GKY
 `aS
LMJu[rkKY
 
I7} L^:eKQrN7k
 d
FHG
  T
J
UB`
J:~N
S.`
e
 L. 
EF
S
QffJ
 
I
S
N1P
 U ’
k1I[rk1Q\i7^:k
 
I
 
^VGW^:QrJ
`
P:Y
 
^
O
}zNK]
JCN
S
c
S  
F
S{UB`
} FBe
 
}
 
^
d
FHGK]HGZN7kZ
 
N
S
IB}
 
FHG1^CG
 
NZG
U
i
OBS
QffJ
`Md
J:F
P:QVeKFHN
S@  dWS
IBJ:L}zN
O
G
. 
